In [3] , we proved that the proper cycle of an indefinite quadratic form F = (a, b, c) of discriminant Δ can be obtained using its consecutive right neighbors R i (F ). We proved that if the length l of cycle of F is odd, then the proper cycle of F is F 0 ∼ R
Introduction.
A real binary quadratic form (or just a form) F is a polynomial in two variables x and y of the type Let GL(2, Z) be the multiplicative group of 2 × 2 matrices g = r s t u such that r, s, t, u ∈ Z and detg = ±1. Gauss (1777-1855) defined the group action of GL(2, Z) on the set of forms by the formula: Let F = (a, b, c) be a form and let g = r s t u ∈ GL(2, Z). Then the form gF is defined by gF (x, y) = a(rx + ty) 2 + b(rx + ty)(sx + uy) + c(sx + uy) 2 .
That is, gF is gotten from F by making the substitution x → rx + ty, y → sx + uy. Moreover, Δ(F ) = Δ(gF ) for all g ∈ GL(2, Z). That is, the action of GL(2, Z) on forms leaves the discriminant invariant. If F is indefinite or integral, then so is gF for all g ∈GL(2, Z). Let F and G be two forms. If there exists a g ∈ GL(2, Z) such that gF = G, then F and G are called equivalent. If detg = 1, then F and G are called properly equivalent. If detg = −1, then F and G are called improperly equivalent.
Let ρ(F ) denotes the normalization (it means that replacing F by its normalization, for further details see [1, p.88] ) of (c, −b, a). To be more explicit, we set
Note that, if F is reduced, then ρ(F ) is also reduced by (1.1). In fact, ρ is a permutation of the set of all reduced indefinite forms. Now consider the following transformations
We assume that F = (a, b, c) is indefinite and integral throughout the paper. The cycle of F is the sequence ((τρ) i (G)) for i ∈ Z, where G = (k, l, m) is a reduced form with k > 0 which is equivalent to F . Similarly, the proper cycle of F is the sequence (ρ i (G)) for i ∈ Z, where G is a reduced form which is properly equivalent to F . The cycle and the proper cycle of F are invariants of the equivalence class of F . We represent the cycle or proper cycle of F by its period
of length l. We explain how the compute the cycle of F. Let F 0 = F = (a 0 , b 0 , c 0 ) and let 
of length 2l. In this case the equivalence class of F is equal to the proper equivalence class of F.
If l is even, then the proper cycle of F is
of length l. In this case the equivalence class of F is the disjoint union of the proper equivalence class of F and the proper equivalence class of τ (F ).
The right neighbor of F = (a, b, c) is denoted by R(F ) is the form (A, B, C) determined by the three conditions:
where b + B = 2cδ. Therefore F is properly equivalent to its right neighbor
2. Proper Cycles of Indefinite Forms.
be the cycle of F of length l, and let R i (F 0 ) be the i−th right neighbor of F 0 . In [3] , we proved that if l is odd, then the proper cycle of F is
of length 2l, and if l is even, then the proper cycle of F is
of length l.
In the present paper, we obtain some results in the proper cycle of F using the transformations χ(F ) and τ (F ) defined in (1.3) and (1.4), respectively. We assume that the length l of the cycle of F is odd and the proper cycle of F is
Theorem 2.1. In the proper cycle of F,
. Then by (1.5) and (1.6)
It is clear from (2.1) that
It can be proved as in the same way that first assertion was proved. 
of F , we have
and
We proved in Theorem 2.1. that
Hence we can give the following corollary. 
Corollary 2.2. The proper cycle of F is
...
2 (F 0 ) and R 3l−1 2 (F 0 ) are symmetric forms by (1.1).
Example 2.2. The proper cycle of F = (1, 9, −2) is
Hence R 3 (F 0 ) = (−4, 5, 4) and R 10 (F 0 ) = (4, 5, −4) are symmetric forms.
Theorem 2.4.
In the proper cycle of F ,
by (1.5) and (1.6). Further we get
Hence it is easily seen that
Now we split the proper cycle of F into two equal part as follows:
with same length l.
Proof. 1. Let F 0 = (a 0 , b 0 , c 0 ). Then by (1.5) and (1.6), we have
2. Similarly we can obtain
Example 2.3. The proper cycle of F = (1, 7, −6) is
We proved in Theorem 2.5. that in the first part of the proper cycle of F , we have χ(R i (F 0 )) = R l−1−i (F 0 ) for 1 ≤ i ≤ l − 2 and χ(R l−1 (F 0 )) = F 0 . So we can rewrite the first part of the proper cycle of F as follows:
Similarly, we proved in Theorem 2.5 that in the second part of the proper cycle of F , we have χ(R i (F 0 )) = R 3l−1−i (F 0 ) for l ≤ i ≤ 2l − 1. So we can rewrite the second part of the proper cycle of F as follows:
Hence we can give the following result.
Corollary 2.6. The first part of the proper cycle of F is
and the second part of the proper cycle of F is
